
polyethylene and polypropylene samples of different types 
yielded essentially the same diffusivity and solubility data. 

CONCLUSIONS 

1. A technique has been developed for the simultane- 
ous measurement of diff usivities and solubilities or gases 
in softened and molten polymers. 

2. Henry’s law was found to hold in such systems up to 
20 atm. 

3. Henry’s law constants were determined for nitrogen, 
carbon dioxide, ar on, and helium in polyethylene, poly- 

as well as for neon, krypton, and monochlorodifluorometh- 
ane in some of these polymers. 

4. Diffusion coefficients of gases in softened or molten 
polymers were found to be fairly independent of pressure 
up to 20 atm. 

5. Diffusion coefficients of gases were determined for 
nitrogen, carbon dioxide, argon, and helium in poly- 
ethylene, polypropylene, and polyisobutylene as well as 
for monochlorodiflooromethane (except for polyisobutyl- 
ene. ) 

propylene, polyiso k utylene, and polymethylmethacrylate, 

NOTATION 

c 
c* 

= cc. (STP) /g. of polymer 
= cc. (STP)/g. of polymer at saturation in experi- 

ment under consideration 

- 
c 
c0 

D 
L 
P’ 
Pf 
Pi = initial pressure, atm. 
t = time, sec. 
z = axial position, cm. 

= average concentration of gas in polymer at time t 
= cc. (STP) /g. of polymer at saturation in previous 

= diffusion coefficient, sq. cm./sec. 
= height of polymer sample, cm. 
= absolute pressure at time t, atm. 
= final equilibrium pressure, atm. 

experiment 
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Upper and Lower Bounds for 

Solutions to the Transport Equation 
BRUCE A. FINLAYSON and L. E. SCRIVEN 

University of Minnesota, Minneapolis, Minnesota 

The collocation method and a maximum principle are used to generate pointwise, improvable 
upper and lower bounds for solutions of the transport equation. This new method of analysis 
is applicable to the unsteady state transport equation with a specified velocity field as well as 
to other problems which have a maximum principle. An application to unsteady state transfer 
to a fluid in ideal stagnation flow illustrates the method. 

Because analytical solutions of the equations of change 
for realistic mathematical models are so rare, the engineer 
must of course re1 often on approximate solutions in ana- 

siduals ( I  to 3 )  is a very general class of error-distribution 
approximating schemes with features the engineer finds 
attractive; but, unfortunately, the method suffers from the 
deficiency that usually no error bounds can be placed on 
the approximate solution. In a succession of approximate 
solutions there may be no stage at which it is possible to 
state how good the approximation is, even though a proof 

lyzing transport p i: enomena. The method of weighted re- 

Bruce A. Finlayson is with the Office 08 Naval Research, Washington, 
D. c. 

of ultimate convergence may be available. This paper out- 
lines a method of approximate solution which combines 
the collocation method, which is one version of the method 
of weighted residuals, with a maximum principle to pro- 
vide pointwise, improvable upper and lower bounds for a 
scalar field such as temperature or concentration. The 
method is limited to those problems for which a maximum 
principle has been proved, but these include a large class 
of problems of concern to the chemical engineer-in par- 
ticular, the unsteady state transport equation with a 
known velocity field. 

The idea of combining an approximation method with 
a maximum principle has been applied previously by 

Vol. 12, No. 6 A.1.Ch.E. Journal Page 1151 



Nickel ( 4 )  and by Collatz ( 5 ) -  Nickel proved a maximum 
principle for the laminar flow of an incompressible fluid 
in a two-dimensional boundary layer. He then constructed 
comparison functions which are lower bounds on the veloc- 
ity, but he was unable to provide upper bounds on the 
velocity for this nonlinear, steady state problem. Collatz 
(5) used a maximum principle for elliptic partial differ- 
ential equations to obtain upper and lower bounds for 
the solution of Poisson's equation. He used trial solutions 
which contained two adjustable parameters and there was 
no way to improve the results systematically. The pro- 
cedure presented here differs from that of Collatz in that: 
(1)  the construction of comparison functions is syste- 
matic, (2) any number of parameters may be used, and 
( 3 )  the results are systematically improved with succes- 
sive approximations.+ A noteworthy feature is the optimi- 
zation of bounds by solving linear programming problems. 

Following a brief statement of the underlying theorems, 
the method is outlined and then applied to a specific prob- 
lem. Finally, the general merits of the method are dis- 
cussed along with areas for future research. An appendix 
gives detailed statements of the pertinent theorems. 

OUTLINE OF METHOD 
Maximum Principle 

Consider the following initial value problem: 

3 aU au 
axi at + 2 bi (x, t )  - + c(x, t )  - - = f ( X ,  t )  (1) 

i = l  

and 

in some region of physical space V and 

u(x, t = 0) = $(x) 

u(x, t )  = rtr(xs, t )  

(2)  

( 3 )  

on S, the boundary of V. This problem includes as a spe- 
cial case, which is treated below, the unsteady state trans- 
port equation with a known velocity field. The dependent 
variable u is then interpreted as either temperature or 
concentration. The maximum principle for this problem, 
due to Il'in et al. ( 6 ) ,  states in essence$ that if for some 
function w (x, t) 

L(w)  "0, x in V, t > O  
\ >  

W ( X ,  t = O )  ' 0 ,  x in V 
and 

w k 0  x o n S  
then 

w(x,t)  1 0  x in V, t > O  

Suppose there is a function v which satisfies the following 
conditions: 

L ( u )  - f " O  x i n V ,  t > O  

V(X , t )  = rtr x on S ,  t > O  

Then the new function w v - u, where u is the un- 
known solution to Equations (1), (2 ) ,  and ( 3 ) ,  satisfies 

u(x, t = 0) = q5 x in V ( 7 )  

t Of course the method used here is applicable to more general e ua- 
tions than are treated by Collatz. Unsteady situations are considered %ere 
and there are no restrictions on the velocity field other than it be known. 

t See the Appendix for a rigoroxis statement of the theorem. The max- 
imum principle for this problem was first proved in a slightly different 
form by Nirenherg ( 8 ) .  

the conditions of the theorem [Equations (4)  and ( 5 ) ]  
and hence 

w 1 0  x i n V ,  t > O  ( 8 )  
Then 

v k u  x i n V ,  t > O  (9) 

and v is a pointwise upper bound on u. Clearly, the solu- 
tion u need not be known. The conditions on v in Equa- 
tion (7) are sufficient to make v an upper bound on u, 
and Equation (7) does not involve the solution 21. What 
the maximum principle does not reveal is how to 
obtain a function v which satisfies Conditions (7) ; that is 
the job of the engineer, 

It should be noted that the maximum principle remains 
valid if each inequality is reversed in Equations (4) and 
(5). Consequently, if a function is found that satisfies 
Conditions (7) with the inequality reversed, then that 
function is a lower bound on u. Moreover, at any point 
where the upper and lower bounds coincide (and hence 
the exact value of u is known), the respective first deriv- 
atives are also upper and lower bounds for the first deriv- 
atives of the exact solution (this is shown in the Appen- 
dix). For example, if the comparison functions satisfy the 
boundary conditions as in Conditions ( 7 ) ,  then the flux 
at the boundary can be bounded above and below. This 
feature is exploited in the example treated below. The flux 
at the boundary is often of primary concern in practice, of 
course. 

Construction of Comporison Functions 
Approximate methods provide a source of comparison 

functions for use in establishing the bounds mentioned in 
the preceding section. Any approximate solution can be 
tested, and if Conditions ( 7 )  hold at each position and 
time, then the approximate solution is an upper bound. 
On the other hand, if similar conditions hold but with 
the inequality reversed, that is, if the residual L ( v )  - f 
is everywhere non-negative, then the approximate solu- 
tion is a lower bound. The following method ensures that 
Conditions (7) are satisfied (and likewise for the case 
in which the inequality is reversed). 

One assumes a trial solution of the form 

i= l  

and forms the residual (1 to 3) 

N 
R[u'] f L[u*]  - f = Ro + 2 ciRi 

i = 1  

(11) 
where R, and Ri depend on the uo, ui, and L. If the origi- 
nal problem is solved by the collocation method, one has 

N 
R o  + 2 CiRi = 0 at 

i = l  

(X,t) = (Xj,tj), j = 1,2, . . ., N (12) 

This is a system of N equations for the N unknown con- 
stants ci. When they are obtained the values of ci deter- 
mine the approximate solution given by Equation (10). If 
Equation (12) is satisfied, the residual as a function of 
position oscillates around zero, taking on positive and 
negative values in the neighborhood of the collocation 
points. But then Conditions (7) are not satisfied, and so 
the approximate solution is not necessarily either an up- 
per or lower bound. 

To rectify this situation, one rewrites Equation (12), 
replacing zero by a small negative number --s on the 
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right-hand side: 

i = l  

(x, t )  = ( x j ,  t j ) ,  j = 1, 2, . . ., N (13) 
Now if Equation (13) is satisfied, the residual as a func- 
tion of position oscillates around -C and might conceiva- 
bly be negative at all positions and time. Were this true, 
one would have 

N 

R ,  + 2‘ ciRi 0, x in V, t > 0 
i=l 

(14) 
and Equations ( 7 ) ,  (8 ) ,  and (9) would ensure that the 
approximate solution is an upper bound on the actual 
solution. A lower bound might be found in similar fashion. 
Whether the possibility is realized depends on the mag- 
nitude of E and the location of the collocation points, 
which are both arbitrary matters of choice. While this 
implies a need to hunt for fruitful choices, the effort and 
potential frustration of an uncoordinated search can be 
avoided by a stratagem that is a novel and important part 
of the new method. 

Rather than insisting that the residual have a fixed 
.value -E at N collocation points, one requires only that 
it be no greater (in the algebraic sense) than --E at a 
number of positions and times: 

N 

Ro 4- c i R i . L - ~  at 
i = l  

(x, t )  = ( x j , t j ) ,  j = 1,2, . . . M (15) 
This represents a system of linear constraints on the con- 
stants ci. Such restrictions remind one of linear program- 
ming problems, and it turns out that a similarity exists 
which can be exploited to good advantage. 

Indeed, there is a linear programming problem which 
corresponds to minimizing the upper bound (and another 
corresponding to maximizing the lower bound, as is clear 
by analogy) : minimize the so-called profit function 

N 
Q = 2 ciUi(xo, t o )  

i = l  

(16) 
while satisfying the constraints, Inequalities ( 15). The 
signs of the ci are unrestricted, but one can express these 
constants in terms of a doubled set: 

c. - ctf - C.ff 1 ,  c ( ” 0 ,  C P l O  

There are now twice as many constants, but they are all 
positive. The solution to this linear programming problem 
minimizes the approximate solution at the point (xo, to) .  
If the residual satisfies Inequalities (14),  the approximate 
solution is an upper bound. In this way one arrives at the 
best set of ci which satisfies Inequalities (15), instead of 
blindly solving Equation ( 13). 

The procedure, then, is to maximize the “profit function” 
Q for a given E, subject to Inequalities (15). The result is 
then tested at all points (x, t ) ;  if R [ u * ]  4 0 everywhere 
in V for t > 0, then it” is a comparison function. Further- 
more, u* is so constituted that it is the “best” comparison 
function in that it is better than any other approximate 
solution of the form of Equation ( lo ) ,  as long as uo, uj, E,  

and the collocation points are the same. As the number N 
of approximating functions increases, one knows that the 
upper bound (at the point xo, to )  can never increase, be- 

(17) 1 -  

cause the ( N  - l ) t h  approximation is contained within 
the Nth approximation for CN = 0. In this way, one can 
construct a “best” comparison function, and can syste- 
matically improve the results. 

Naturally the results depend on the value of E. It can 
be shown ( 3 )  that the profit function Q is a monotone 
function of E ;  consequently should be as small as possi- 
ble. However, if it is made too small, and E = 0 is obvi- 
ously too small, no upper bound results, as indicated in 
the discussion following Equations (12) and (13). The 
method is to find a value of E that leads to a comparison 
function and then to decrease E as much as possible. The 
feasibility of doing this is demonstrated below. 

APPLICATION 

As a test problem, consider the following unsteady state 
convective transport problem, which has already been 
solved by several versions of the method of weighted re- 
siduals by use of various criteria ( 2 ) .  A liquid in potential 
flow and initially at  temperature To impinges upon a flat 
free interface. At time zero, the temperature of the inter- 
face is raised to T I ;  the flow field remains the same. The 
problem is to predict the unsteady state temperature dis- 
tribution and heat flux at the interface (or similar quanti- 
ties for the equivalent mass transfer problem). 

The velocity field is taken as 

u = u(.xi- zk )  (18) 
where a is the stagnation flow parameter. The dimension- 
less transport equation and boundary and initial condi- 
tions are (2, 3 )  

dT 
at 

L [ T ]  = V ’ T - N p e ~ * V T - - = O  

T ( x ,  0 )  = 0 

T ( x = O , t )  = 1 

T is bounded for large x 

The physical situation should be examined carefully for 
guidance in the choice of approximating function. It is 
clear that immediately after the step change in interfacial 
temperature, the region in which the temperature has 
changed significantly is confined to a small region adjacent 
to the interface-a thermal boundary layer. As time pro- 
ceeds, this region of influence becomes larger. Within it, 
the temperature decreases in value monotonically from 
unity at the interface to substantially zero at the edge of 
the thermal boundary layer. Commonly used polynomial 
functions with variable “boundary-layer thickness,” or 
thermal penetration depth are suitable here. The particu- 
lar forms of trial solutions used below resemble closely 
those employed earlier in solving the same problem by 
means of various versions of the method of weighted re- 
siduals (2). 

Upper Bound 
For the upper bound on heat flux, the trial solution is 

The restrictions 

1 + t u i  2 = 0 ,  S(0) = o  (21) 
ensure that T” satisfies the boundary and initial condi- 
tions, while the equations 
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i=l i = l  

ensure that the derivatives in the differential equation are 
continuous at z = K 6; these derivatives are then continu- 
ous for z > 0, t > 0. The function S(t) is chosen to satisfy 

with a a constant as yet undetermined; this choice is sug- 
gested by previous work ( 2 ) .  The residual is 

2S2R[T"] = 262L[T'] = 

, z k K  6 
and the heat flux at the interface is 

2a1 

dff 
",[T'] = ---Npe1J2 [I - exp (- 4Npet)]-'/' 

( 2 5 )  
N 

T' is bounded above by 1 + K~ 

are so chosen that 

]ail. If a, K ,  and ai 
i = 1  

R [ T " ] ~ O ,  z k O ,  t>O (26) 
then all the hypotheses of Theorem 4 (Appendix) are ful- 
filled; therefore, T' is a lower bound for the exact solu- 
tion T and, furthermore, the approximation to the heat 
flux at the interface is an upper bound on the exact value. 
The independent variables in Equation (24) appear only 
in the combination u = z/6; consequently Equation (26) 
must be satisfied as a function of only one variable, U ,  
rather than two, z and t. It follows that the collocation 
maximum principle method is simply 

2at minimize Q = - -- 
\'a 

subject to the conditions at M points u = tcj 

N 

i= l  

O L U ~ L K ,  i = 1 , 2  ,..., M (28) 
as well as Equations (21) and (22). For simplicity the M 
collocation points are distributed evenly between zero 
'and K .  To ensure essential continuity the residual at z i  = 
K must be zero, rather than C; then the additionaI condition 

dA/du -c at u = K (29) 
guarantees that Equation (28) holds in the left-hand 
neighborhood of u = K .  

Calculations were performed on the Control Data 1604 
computer at the University of Minnesota. For a given set 
of parameters (a, K ,  E ,  N, M ) ,  the linear programming 
problem was formulated, solved, and the results tested to 
see whether Inequality 26 was satisfied. If it was, c was 
decreased and the calculations were repeated; if not, E 

was increased before further calculations. In this way the 
lowest value of e was found for which the corresponding 
solution is a pointwise lower bound on temperature. 

Lower Bound 

trial solutions can be used: 
To obtain upper bounds for temperature, two different 

N 

(30) TI' = 2 Ge-iz/6(tl 

i= 1 
01 

N 

(31) T ~ *  = C a i e - ( i t ~ ) a / 8 c t t  

i = l  
with- 

N C a i = l  
i = l  ( 3 2 )  

The function S ( t )  is again chosen to satisfy Equation ( 2 3 )  
and the condition 6 ( 0 )  = 0, with a to be determined. The 
residuals are again functions of t i '  = z/6 alone. The heat 
,flux at the interface is 

(33) 

(34) 

R[Ti"] 5 0  i =  1 or 2 (35) 

The values of Q! and the ai must be so chosen that 

for all positive u. Inasmuch as Ti' is bounded below by 
- S,[uil for u 2 0, the conditions of Theorem 4 are satisfied 
and Ti' is an upper bound for the temperature; the ap- 
proximate heat flux at the interface is then a lower bound 
on the exact value. The problem is to maximize 

N N 

1=1 1=1 

(36) 
subject to the constraint in Condition (35) and to In- 
equalities (37). 

Condition (35)  must be satisfied on the semi-infinite 
interval 0 6 tc 6 co. It is not practicable, however, to 
distribute collocation points on such an interval. But it is 
possible to ensure that R [ T , ' ( u ) ]  6 0 for all values of zc 
greater than a certain cut-off value t i ' ;  in this way the 
distribution of collocation points can be restricted to a 
finite interval. As proved elsewhere ( 3 )  the linear restric- 
tions 

k N S ( i + l ) a , L - ~ ,  j = 2 , 3  , . . . ,  N; 
1 = j  1 = 1  

( i + l ) a , & e  

(37) 
do ensure that-R[T2" ( t i )  0 for tc ti', where 

r N 

( A  similar result applies to TI".) The value of ti' de- 
pends on the solution ai of the linear programming prob- 
Iem. Trial and error can be avoided if the M collocation 
points tun1 out to have been spread over a range running 
from z i  = 0 to a value greater than a'. In this example 
zc' = 2 ( N  + l)/a was usually satisfactory as a working 
cut-off value. 

For a given set of parameters (a, E ,  N ,  M) the linear 
programmin problem and the problem of refining E were 
handled in t a e same way as above. 
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Fig. 1. Upper and lower bounds on temperature, a = 4. 

Results 
The,upper qnd low-er bounds for temperature are pre- 

sented graphically in Figure 1. Complete numerical re- 
sults are available in tabular form elsewhere ( 3 ) .  The 
bes$ estimates obtained for heat flux at the interface are 

4 N N ~  d.1.145 N p e l n  [ l -  exp (- 4 N ~ , t ) ] - ~ / ~  (39) 
or 

0.864 hTpe”2 [ 1 -‘exp (- 4Npet)]-’/’ 

N N ~  = ( 1.00 +- 0.15) Npel/z [ 1 - exp (- 4Npet) ] - ‘ I2 

From Chan’s solution the exact value of the constant mul- 
tiplier is known to be 1.128 (2). Typical estimates for the 
temperature are 

(40) 

T = 0.748 2 0.030 at z = 6/4 
T = 0.512 2 0.040 at z = 6/2 (41) 
T = 0.195 2 0.050 at z = 6 

In fact the relative error vanes from z t  4% at z = S/4 to 
-+ 25% at z = 6 (the percentage increasing still more 
with depth). These estimates for temperature could prob- 
ably be improved by using the value of temperature at the 
desired point as the profit function, Q, rather than the in- 
terface heat flux, as was done in this investigation; actu- 
ally the temperature estimates are incidental here. 

Discussion of Results 
The results presented are more extensive than would 

usually be required, but interesting conclusions can be 
drawn which might simplify or shorten the computations 
in other applications of the collocation maximum principle 
method. 

Epsilon. The effect of epsilon on the heat flux estimate, 
shown in Figure 2, obeys the theoretical prediction: the 

tEXACT SOLUTION L U - 4 .  K = 2  
N -8 .  M -  12 

.0.70‘ I I I I I I I I 
0 0.04 aoe 0.12 0.16 

E 

Fig. 2. Dependence of flux value on epsilon. 

TABLE 1. HEAT FLUX DEPENDENCE ON THE 
NUMBER OF APPROXIMATING FUNCTIONS 

N M -%1/a 

a = 4, K = 2, e = 0.125 

4 4 1.6251 
5 4 1.2148 
8 7 1.1924 

a = 4, K = 2, e = 0.0156 

8 12 1.1490 
9 12 1.1477 

interface heat flux is a monotone function of e. More 
sophisticated procedures for locating the minimum admis- 
sible value of E could be used ( 3 ) .  

Number of approximating functions. The upper bound 
on flux decreases as N increases, as is shown in Table 1. 

The situation is more complicated when exponentials 
are used in the trial function. The Nth restriction in In- 
equalities (37) is 

( N  + l)aN L - C  (42) 

so that UN = 0 is not allowed. Consequently, the Nth ap- 
proximation is not contained within the (N  - l)th ap- 
proximation; accordingly the flux may possibly decrease 
as N increases, thereby giving a less desirable lower 
bound. When the foregoing restriction is replaced by aN 

0, the best solution occurs when aN = 0. In addition, if 
N is too large, Inequalities (37) become incompatible 
with Inequalities ( 3 5 ) .  This is unfortunate, because it 
limits the trial solutions to two or three terms, at least in 
this case, and the dramatic improvement obtained in the 
upper bound on flux evidently cannot be duplicated for 
the lower bound. 

Residual. Figure 3 illustrates the oscillatory dependence 
of the residual on relative position u. The collocation 
points are marked to show that the minimum of the re- 
sidual occurs at roughly the midpoint between two collo- 
cation points. 

Computer time. As a rough indication of the amount of 
computation time needed for this method, sixty-four dif- 
ferent functions T” were generated and tested within 1 
min. on the Control Data 1604 machine with a Fortran 
program. Some of these functions proved not to be com- 
parison €unctions, but it obviously does not take long to 
generate a great many solutions. 

These results suggest that the collocation maximum 
principle method is a reasonably efficient means for con- 
structing upper and lower bounds for solutions to the un- 
steady state transport equations. The limitations of the 
method are discussed in the following section. 

Fig. 3. Dependence on residual on position. 
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CONCLUDING REMARKS 

The maxiinum principle (Theorems 1 to 4 in the Ap- 
pendix) has some interesting consequences which are not 
related to any approximate solution. For the unsteady 
state mass transport equation with a first-order chemical 
reaction, namely 

a C  
- Lz[c] = - + V*(UC) - 0.D VC - KC = 0, K < 0 

at 
(43) 

the solution can be compared to that without chemical 
reaction. If 

ac’ 
- L[c’] = - + v. (uc’) - V - D  VC’ = 0 - (44) at 

then the solution without reaction c’ is an upper bound 
on that with reaction c. Because 

(45) 
and c’ 
maximum principle states that if 

then 

Conse uently, the concentration is everywhere less than 

holds irrespective of the relative importance of the con- 
vective, diffusive, and reaction processes. 

The collocation maximum principle method requires 
three important items: (1) a maximum principle, (2) 
methods for maximizing a quantity subject to certain con- 
straints, and (3) methods for proving that a function is 
positive in the entire space-time domain. The first item 
limits application to those problems for which a maximum 
principle has been proved. This includes many practically 
important unsteady state transport problems, but only 
first-order chemical reactions can be included and the 
boundary conditions must be of the first kind (Dirichlet 
problem) . However, a zero-order generation term can be 
handled. For the second item the simplex method of linear 
programming provides an efficient and well-established 
procedure for solving the maximization problem. The third 
item probabl limits the usefulness of the method to a few 
dimensions, r or as the number of dimensions increases, it 
becomes more difficult to prove that the residual is posi- 
tive at  every position and time. Numerical searching 
schemes can be used, but computation time multiplies rap- 
idly with the number of dimensions. But since only one 
good solution is needed, this might be acceptable in some 
circumstances. The calculations presented here also sug- 
gest that better results are obtained for finite domains than 
for infinite domains. The requirement that the residual be 
negative for all z > 0 introduces restrictions that limit im- 
provement of successive approximations. The choice of 
functionai foim of trial functions remains an open matter; 
choices other than those made here might yield better 
results than have been resented. 

prove a maximum principle which allows nonlinear chem- 
ical reaction terms, ( 2 )  to improve the choice of trial 
sohtions for semi-infinite and two-dimensional domains, 
and ( 3 )  to apply the same procedure to the conventional 
boundary-layer equations-possibly the most important 
area. Nickel ( 4 ) ,  who proved a maximum principle for 
the boundary-layer equations for velocity, constructed 
lower bounds on velocity, but there is no evident way to 
improve his results nor as yet to obtain an upper bound. 
The same ideas presented here, combined with Nickel’s 
maximum principle and nonlinear programming, might 

0, the right-hand side is always positive. The 

Lz[c - c’] 0 (46) 

c - C ’ A O  (47) 

it wou P d be without the chemical reaction. This result 

Future research mig 1 t well include attempts to (1) 

lead to such an upper bound with a possibility of syste- 
matically improving the results. Further research is sug- 
gested to explore this ossibility. For one thing, any in- 

Kiirm An-Pohlhausen approximation scheme (method of 
moments) is likely to be valuable. In general, as the engi- 
neer with each successive generation of high-speed com- 
puters attempts to get approximate solutions to more and 
more diffcuit flow and transport problems, the potential 
value to him of information about error bounds increases. 
In some cases it may pay for him to look thoroughly into 
the subject while still in a plannisg stage. 
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NOTATION 

a = stagnation flow parameter 
ai = undetermined constants 
4 defined by Equation (28) 
ci 
c = concentration 
D = molecular diffusivity 
i 
k 

formation on the relia t: ility of the commonly used von 

= adjustable constants (or functions) 

= unit vector parallel to interface 
= unit vector PerDendicular to interface 

I ( =  
L =  
M =  
N =  
NhTu = 

N P e  = 
Q =  
R =  
s =  
T =  
t =  
LI = 
u =  
v =  
w =  
x =  
x =  
z =  

J . I  

First-order reaction rate constant 
general differential operator 
number of collocation points 
number of approximating functions 
Nusselt number 
Peclet number 
profit function; see Equation (16) 
residual 
boundary of V 
temperature 
time 
dummy dependent variable; also z/6 
velocity 
domain of physical space 
dummy comparison function 
position (x, y, z )  
distance in direction of i 
distance in direction of k 

Greek Letters 
01 

6 = thermal penetration depth 
E = positive number 
I( = parameter in trial solution 
# = known initial condition 
+ = known boundary condition 

= parameter in trial solution; see Equation (23) 
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APPENDIX 

A maximum principle for parabolic partial differential equa- 
tions has been proved by Il'in, Kalashnikov, and Oleinik (6) .  
The pertinent theorems are repeated here; the notation, while 
complicated, is necessary for the correct statement of the 
theorems. Let 

a bounded domain in an (n + 1) dimensional Eu- 
clidean space, contained between the planes t = 0 and 

closure of D 
intersection of D with the plane t = 0 
closure of the set of boundary points of D, for which 
t # O  and t + T 
points o f S t h a t  do not belong to t = 0 
union of S and DO 
all points of an ( n  + 1) dimensional Euclidean space 
for which 0 < t 
closure of H 
semi-infinite domain in an (n + 1) dimensional Eu- 
clidean space for which 0 < t L T and which is par- 
tially bounded by S Z  
closure of G 
intersection of with the plane t = 0 
closure of the set of boundary points of G for which 
t # 0 and t # T 
points of ?z that do not belong to t = 0 
union of S2 and Go 
(Xl, xz, x 3 ) .  

t = T  

T 

Suppose that aij, bi, c, f are real and take finite values, and 
that 

Finally, the function u( x, t )  is said to be a solution of 

L ( U )  = f  ( A l )  

at ( x ,  t )  if u( x, t )  is continuous and has continuous derivatives 
&/&xi, &/at, a2tl/axiaxj (i, i = 1 , 2 , 3 )  satisfying (A1  ). 

Moximum Principle 

The maximum principle for parabolic differential equations 
is (6) :  

Theorem 1: Suppose that the function u(x, t )  is continuous 
in that those of its derivatives which enter into the operator 
L are continuous, and that it satisfies the inequality L(u) 4 0 
in 5- r, where c(x,  t )  < M and M is some constant. Then 
u(x, t )  2 o in E i f  u(x, t )  1- o on r. 

The theorem for infinite domains is similar ( 6 ) :  
Theorem 2:  Let u( x, t )  be continuous and bounded below 

i n x :  u ( x , t )  > -m, m > 0. Suppose that the function u(x,  t )  
has continuous derivatives in H as far as they occur in the 
operator L and that L ( u )  4 0. Let &.j,bi,c satisfy the follow- 
ing relations: 

3 

i=l 
where rz = f xi2 and M is a positive constant. Then U (  x, t )  

A 0 everywhere in H if u A 0 for t = 0. 
Now, as might be anticipated, a similar theorem holds for 

a semi-infinite domain: 
Theorem 3: Let u(x, t )  be continuous and bounded below 

in G: u( x, t ) > -m, m > 0. Suppose that the function u ( x, t ) 
has continuous derivatives in G as far as they occur in the 
operator L and that L(u)  f 0 in r2. Let aij,bi,c satisfy 
Equation (A2) .  If u(x,  t )  0 on r2, then u(x, t )  1 0 i n z .  

This theorem can be proved in exactly the same way that 
Theorem 2 is proved. The semi-infinite domain is replaced by 
an arbitrarily large one and Theorem 1 is applied. 

Consider the problem 

Vol. 12, No, 6 A.1.Ch.E. 

L(u) = f ( x ,  t )  in G 

u ( x , t )  = + ( x , t )  in S 
u ( x , t = O )  = + ( x ) i n G  (A3) 

where + and + are given continuous functions and [aij/ < 
M ( r 2  + l),  lbil < M ( r 2  + l ) l / z ,  and c < M ,  where M is 
a positive constant. The function u(x ,  t )  is said to be a solu- 
tion if it satisfies Equation (A3) ,  if it is continuous, and 
if it has continuous derivatives du/dxi, &/at,  a2cdaxidxj (i, j 
= 1, 2, 3 )  in in addition u must be bounded above and 
below in A function u(x,  t )  is said to be a comparison 
function if it satisfies the same requirements as u except that 
Equation ( A 3 )  is replaced by either 

in G 

(A41 
I L ( u i )  

L (uu)  6 f 

uu(x,O) = 4 

u u ( x , t )  = * 
uu is bounded below 

Theorem 4: The function ui is a lower bound and ou is an 
upper bound for the solution of Equation ( A 3 ) .  If UL = UU 
at any point ( x o ,  t o )  in G, then the first derivatives of 01 and 
uu are lower and upper bounds, respectively, for the first de- 
rivatives of u. 

or I u l ( x , O )  = + 
u d x s , t )  = * on S 1 01 is bounded above 1 

Proof: Consider wu = uu - u, wi = u - vi. Then 

L(w1) L 0 
in G 

W l ( X , O )  = 0 (A51 I L(wu)  6 0 

w u ( x , O )  = 0 I 
( w u ( x S , t )  = o i. wi(xs,t)  = o onSz 

The functions wu and wi are continuous in G and have 
continuous derivatives in G as far as they occur in L, since wu 
and W E  are the differences of functions with these properties. 
The functions wu and W E  are continuous on S as well as for 
x in G, t = 0. Even though u, vu, and vi are not necessarily 
continuous at  t = 0, x on S [since +(xs) may not equal 
+(x,,  O)],  their differences are continuous at  t = 0, x on S. 
Consequently, wU and wi are continuous in c: The functions 
wu and wi are bounded below in G s o  all the conditions of 
the theorem are satisfied. Consequently 

hence (A61 
wi 2 0 inG; w7J k 0 

uu k u u k Ut 

and uu is an upper bound for u, whereas ui is a lower bound 
for u. If ui = vu at  ( x o , t o ) ,  then u = ui = vu at  ( x o , t o ) ,  
Hence 

~ ( X O ,  to  + A t )  - ~ ( X O ,  t o )  S ( x o ,  to + A t )  - Ut(Xor t o )  
(A71 

Since u and 01 are continuous in c, this inequality holds uni- 
formly with respect to t at (xo, t o ) .  Hence 

lim u ( x , t 0 +  A t )  -u(xo , to)  - dU - i  at zo.to - A t +  0 At  

lim u ~ ( % ,  to + A t )  - ui(xo, t o )  dvi 

At at 
& =- j XO& 

A t +  0 

(A81 

As a result of Theorem 4, the functions uu and ui provide 
Similar results hold for spatial first derivatives. 

pointwise error bounds for u, that is 

1 
i n G  (A9) 

The method described above provides these comparison func- 
tions, uu and u1. 
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